We extend an investigation into the static and dynamic multiplicity exhibited by the reaction of a fuel/air mixture in a continuously stirred tank reactor by considering the effect of adding a chemically inert species to the reaction mixture. The primary bifurcation parameter is taken to be the fuel fraction as this is the most important case from the perspective of fire-retardancy. We show how the addition of the inert species progressively changes the steady-state diagrams and flammability limits. We also briefly outline how heat-sink additives can be incorporated into our scheme. 
Introduction
In the first two parts of this series [12, 13] the static and dynamic multiplicity for a simple oxidation reaction occurring in a continuously stirred tank reactor (CSTR) was investigated. The chemical mechanism consists of a two-state decay of a precursor through a reactive intermediate to a final product. The second stage is an oxidation reaction that is first order with respect to both reactants:
Normally in CSTR studies, the total flow rate is often chosen as the primary bifurcation parameter. In this paper we investigate how the response of the system changes as the composition of the reaction mixture is varied at a constant flow rate. We show how knowledge of the static and dynamic bifurcation behaviour exhibited by a fuel-air mixture provides a framework to investigate the change in behaviour when the reaction mixture is diluted at constant pressure by the addition of a chemically inert species. The choice of mechanism used in this study is not important, since the aim of the paper is to illustrate the proposed method: the same method would be used if a more detailed chemical mechanism were used. Gas-phase active fire retardants can be broadly classified as being either chemical or physical in their mechanism. The distinction between these classes is that a gas-phase active chemical fire-retardant 'interferes' chemically with the mechanism of flame propagation. In this paper we investigate the change in behaviour of our system as the reaction-mixture is diluted by the addition of a chemically inert species.
Although in this paper we are considering the simplest possible mode of action for an additive with a very simple chemical mechanism, our methodology can be applied to more realistic oxidation mechanisms and more detailed additive chemistry.
Summary of previous work
In this section we summarise those aspects of our earlier work [12, 13] that are pertinent to the current investigation. This corresponds to the choice of the fuel fraction (a) as the primary bifurcation parameter, with the inflow temperature (7o) and inflow pressure (^) as the secondary bifurcation parameters. The fuel fraction is the ratio of the pressure (concentration) of the pre-cursor species flowing into the reactor to the total pressure flowing into the reactor:
In general the model for reactions (1.1) and (1.2) consists of a temperature equation and an equation each for the three chemical species &, S8 and (?2.
In [12] Nelson and Sidhu investigated the behaviour of the oxidation mechanism (1.1) and (1.2) in an adiabatic reactor. In this case the reactor model can be reduced to a single ordinary differential equation (ODE). Periodic solutions are therefore impossible in an adiabatic reactor. The organising centre for the static bifurcation problem is a pitchfork singularity, consequently there are four generic steady-state diagrams. One of these is the isola, an example of which is shown in Figure 1 . This contains two disjoint solution branches: a low-valued unique no-ignition branch and an isola, which has stable and unstable branches. The isola has two extinction limit points at which combustion is extinguished; between these points the flame temperature varies smoothly with the fuel fraction. Flammability limits are identified with the extinction limit points.
In [13] , Nelson and Sidhu investigated the behaviour of the oxidation mechanism (1.1) and (1.2) in a diabatic reactor. In this case the reactor model can be reduced to a system of two coupled ODEs. The pitchfork singularity remains the organising centre for the static bifurcation problem. However, Hopf bifurcations now occur. Over the parameter range considered, eight generic steady-state diagrams based on the isola structure were found. Half of these do not describe flammability in the accepted sense as the 'no-ignition' unique branch loses/gains stability at one of two Hopf points. Of the remaining steady-state diagrams one does not represent flammability as both branches on the isola are unstable. The three 'flammable' steady-state diagrams differ from the flammability scenario represented by Figure 1 in that only part of the ignition branch is stable. Stability is no longer gained/lost at an extinction limit point but at a supercritical Hopf bifurcation. Accordingly there is a parameter region in which oscillations of near-extinction flames are observable.
Model equations
We consider gaseous chemical species & and & 2 flowing separately into a continuously stirred tank reactor subject to the chemical mechanism (1.1) and (1.2). The CSTR is assumed to be contained within a cooling system in which the coolant flow rate can be quickly manipulated so as to obtain tight control of the coolant temperature. This means that a differential equation for the coolant temperature is not required and it can be regarded as a free parameter. Heat transfer between the cooled reactor walls and the interior of the reactor is modelled by Newtonian cooling. We use the standard hypotheses that the reactor vessel has constant volume, perfect mixing and constant physical properties. The relationship between the model and experimental procedures is described in [12] .
The assumption that the reactants enter into the reactor separately through two inlets is not crucial. By rescaling variables, the governing equations can be transformed to model an experiment in which the reactants enter the reactor through a single inlet [ 14] .
The dimensional variables are scaled using a reference temperature (T* = T/298), a reference concentration (the concentration of an ideal gas at atmospheric pressure and a temperature of 298 K) and a timescale based upon Newtonian cooling. Full details are provided elsewhere [12] . The system that we study is q* + q$ + J
The terms appearing in (2.1)-(2.7) are defined in the Nomenclature. In (2.3) the number 0.21 is the fraction of oxygen in the air flowing through the reactor [12] . We assume that prior to the commencement of the experiment the entire system is first flushed with an inert species at temperature 7J,*. Thus the initial concentration of the chemical species in (2.6) is zero whilst the initial temperature of the reactor in (2.7) is the corresponding steady-state solution.
There is a one-to-one relationship between our dimensionless variables and their dimensional counterparts. Hence we often write 'inflow pressure' rather than 'dimensionless inflow pressure'. The experimentally controllable parameters are the reactant composition (or) and (y), the inflow pressure (&*), the inflow temperature (7J,*), the inflow rates (q\ and q$) and the vessel wall temperature (T*). The non-controllable parameters are: the rate constant for the decay of the precursor (A*), the pre-exponential factor, activation energy and exothermicity for the oxidation reaction (A* 2 , E\ and Q\ respectively) and a dimensionless constant controlling the amount of heat-transfer in the system (J).
In what follows we assume that the inflow temperature (T o *) is equal to the temperature of the reactor walls (T*). We also assume that the inflow rates are equal (q* = q%)-We take the fuel fraction (or) as the primary bifurcation parameter. The possible secondary bifurcation parameters are the inert fraction (y), the inflow pressure {&**) and the inflow temperature (7J,*).
Note that (2.1) and (2.4) may be integrated to give the concentrations of the precursor and inert species respectively as a function of time. Thus the set of five model equations (2.1)-(2.5) immediately becomes a set of three equations. The fuel-air system considered in [12, 13] is obtained by taking y = 0 in (2.3) and (2.4). The adiabatic model considered in [12] corresponds to taking J = 0 in (2.5).
Note from (2.1) that if A* >J> q\ + q\ then the steady-state concentration of the precursor species is F* as q\a/A\.
The source term A\&* in (2.2) then has value A\&* * q\a.
The physical interpretation of this is that under these conditions the behaviour of the model system defined by reactions (1.1) and (1.2) is the same as a model in which only the oxidation reaction (1.2) occurs, the inflow concentration of fuel into the reactor being a.
Numerics
The path-following software program Auto 97 [4] was used to obtain steady-state and unfolding diagrams. In steady-state diagrams the standard representation is used: solid lines are stable steady states; dashed lines are unstable steady states; squares are Hopf bifurcation points; filled and unfilled circles are stable and unstable periodic solutions respectively.
Continuation methods require a known solution to begin calculations. Equations (2. l)-(2.5) have two natural starting places for continuation: no precursor species in the inflow (or = 0) and no air in the inflow (or + y = 1). The appropriate steady-state 
Results
In Subsections 3.1 and 3.2 we consider the role of a diluent in adiabatic and diabatic reactors respectively.
Adiabatic reactor (7 = 0)
3.1.1. Reduction of the model to a single ODE By applying the procedure used in [12] it is possible to reduce (2.2), (2.3) and (2.5) to a single ordinary differential equation. Oscillatory behaviour is therefore impossible for a fuel/air/inert mixture under adiabatic conditions. This reduction is possible because under adiabatic conditions the model has two invariant relationships.
The existence of these relationships may be explained as follows. As (2.1) can be solved, we can calculate the concentration of the fuel species within the reactor in the absence of oxidation. Suppose that we measure the concentration of fuel in the reactor. We now know how much fuel has been consumed through oxidation. As the concentration of oxygen entering the reactor is known, the oxygen concentration can be calculated from the measured fuel concentration. Thus if we measure the fuel concentration inside the reactor we do not need to measure the oxygen concentration. This is the first invariant relationship. The second invariant relationship is a consequence of the lack of heat loss in the adiabatic model: all the energy released by the oxidation reaction is used to increase the temperature of the reaction mixture. The temperature increase is the quotient of the energy released to the heat capacity. The energy released in the oxidation reaction is determined by how much fuel has been consumed. This is a known quantity and provides the second invariant relationship. Thus if we measure the fuel concentration inside the reactor we do not need to measure the reactor temperature. _ IT* -T*\ j* vo ' ) (3.1)
Analysis of the model
In this section we show how the steady-state diagram of the system changes as the inert fraction (y) is increased. Figure 2 (y = 0). This diagram is of the 'breaking-wave' type, containing one ignition limit point and one extinction limit point. From a practical perspective the main question of interest is how the values of the limit points change as the inert fraction increases. This question is answered by unfolding the ignition limit point with the inert fraction. The results of such an unfolding are shown in Figure 2 (b). This shows that as the fuel fraction is increased the steady-state structure passes through the sequence breaking waves to mushroom to isola to unique. For sufficiently large values of the inert fraction (y cr « 0.8) the fuel-air components of the resulting fuel/air/inert mixtures are sufficiently diluted that the heat release rate is insufficient to support sustained combustion: the reactions mixture is not combustible. Figure 3 (a) is a bifurcation diagram for fuel-air-inert systems at a fixed inflow temperature. Note that the small unique region in the top left-hand comer of this figure represents a combustion hazard even though the steady-state diagram contains no limit points due to the high temperatures that are generated by the reaction. For such systems criticality can be defined using sensitivity analysis [12] . The 'lower' unique region represents a region of safety. Figure 3 (a) shows that as the inflow pressure increases, the critical value of the inert fraction at which the isola-unique transition occurs rapidly increases. For a given pressure, the value of the inert fraction at which the transition between generic steady-state diagrams occurs in this figure can be obtained from the bifurcation diagram when y = 0, which is Figure 3 (b) . This follows from observing that increasing the inert fraction at fixed pressure (concentration) decreases the total pressure (concentration) of fuel/air. Consequently increasing y in Figure 3 (a) is equivalent to decreasing the total pressure in Figure 3 (b) .
Consider a point in region (b) of Figure 3 (b) with coordinates ( 7^, &>*). This point represents a system having a breaking-wave steady-state structure. Recall that the inert fraction in this system is zero (y = 0). Now suppose that an inert species is added to the mixture whilst fuel and air are simultaneously removed so that the pressure remains constant. At what value of the inert fraction does the steady-state diagram change to an isola? To answer this question draw a vertical line from the point (^; , TJ S ) to the point (0, T* s ). Let (&*) be the value of the pressure at which the isola region is entered along this line, that is, the transition point between regions (c) and (d) on Figure 3 (b) . The required value of the inert fraction is
Thus the critical values of the inert fraction that is required to induce a transition in the bifurcation diagram for the fuel-air-inert system are determined purely by the behaviour of the fuel-air system.
Diabatic reactor ( / = 1)

Reduction of the model to two coupled ODEs
Of the two invariant relationships that exist for the adiabatic system, only the first holds for the diabatic system. Thus it is now only possible to reduce the size of the system from three ordinary differential equations to two. Applying the procedure used in [13] the following system is obtained: 
Analysis of the model
As mentioned in Subsection 1.1, in the absence of a diluent (y = 0) the diabatic model has three generic steady-state diagrams that represent flammability in the accepted sense. In this section we show how the addition of a diluent changes the flammability limits for two of them. Figure 4 (a) shows the 12a 1 steady-state diagram when the inert fraction is zero. Observe that the stable flame state loses stability at supercritical Hopf bifurcations and there is a small parameter range in which stable oscillatory flames are found but no stable flame state exists. We define a mixture to be flammable if there is a stable steady-state flame. Thus the flammability limits in this figure are provided by the values of the fuel fraction at which the two Hopf bifurcation points occur.
In Figure 4 (b) the Hopf bifurcation points are unfolded with the inert fraction (y). As the inert fraction increases the Hopf bifurcation points approach each other. There is a critical value of the fuel fraction at which the two Hopf bifurcation points collide and destroy each other at a double Hopf point. Thus as the fuel fraction is increased through this value the fuel-air-inert mixture becomes non-flammable, that is, quenched, for any permitted value of the fuel fraction. For values of the inert fraction slightly higher than this critical value the steady state would be similar to Figure 4 (a) with the distinction that both branches of solution on the isola are entirely unstable, that is, ' The I shows that the steady-state structure is an isola. The '2' denotes that there are two Hopf bifurcation points on the isola. The 'a' shows that there are at least two steady-state diagrams that are classified as 12 and this is the first. The terminology used to differentiate the steady-state diagrams is explained in [13] . there is no solution branch on the isola representing a stable combustion state. The region on the isola between the (H2) and (H3) points is unstable. Defining a mixture to be flammable when the system corresponds to a 'stable flame' then the 14 steady-state structure has two regions of flammability: 0.1 < a < 0.1755 and 0.17734 < a < 0.6324.
In Figure 5 (b) the Hopf bifurcation points are unfolded with the inert fraction. As the inert fraction increases, the (HI) and (H2) points approach each other whilst the (H3) and (H4) points approach each other. For the fuel fraction slightly greater than 0.2 there is a double Hopf bifurcation point and the (HI) and (H2) points disappear from the steady-state diagram. As the inert fraction is increased further the remaining Hopf bifurcation points become closer. A second double Hopf bifurcation occurs for a value of the inert fraction slightly below 0.35. Thus as the inert fraction is increased through this value the fuel-air-inert mixture becomes non-flammable for any permitted value of the fuel fraction.
As explained in Subsection 3.1.2 the behaviour of a fuel-air-inert system in the adiabatic reactor can be predicted from the fuel-air bifurcation diagram. This remains true for the diabatic reactor. The sequence of bifurcation diagrams that is obtained as 2 The I shows that the steady-state structure is an isola. The '4' denotes that there are four Hopf bifurcation points on the isola. the inert fraction is increased from zero can be predicted from the fuel-air bifurcation diagrams shown in [13] : at fixed inflow, temperature moves vertically down the bifurcation diagram. This is the same procedure used for the adiabatic reactor.
Discussion
Change in flammability limits as the inert fraction is increased
Flammability limits are defined by the gain/loss of stability on the isola's combustion branch. In an adiabatic reactor these limits are identified with the extinction limit points of Figure 1 . Inspection of the unfolding diagram, Figure 2 (b) , reveals that as the inert fraction increases, the values of the fuel fraction at the points ELP 1 and ELP 2 increase and decrease respectively. Intuitively this is expected: increasing the value of the fuel fraction should make a marginally flammable mixture marginally non-flammable.
This intuitive behaviour is also exhibited in the diabatic reactor by the I2a unfolding diagram, Figure 4 (b) . The values of the lower flammability limit (HI) and the upper flammability limit (H2) increase and decrease respectively as the inert fraction increases. Thus marginally flammable mixtures become marginally non-flammable.
However, this intuitive behaviour is not exhibited by the (H3) bifurcation point in Figure 5 (b). In the absence of an inert (y = 0) the value of the fuel fraction at the H3 point is given by or = 0.196. This value initially decreases as the inert fraction increases, an extrema of a -0.143 being reached when y = 0.287. Thus, in this case, the addition of an inert species may make a marginally non-flammable mixture marginally flammable. This is counter-intuitive. (This figure also shows that the unfolding of the (HI) and (H2) bifurcation points is the expected 'intuitive' behaviour.)
Previous investigations
The possibility of using the CSTR as a modelling tool to investigate flame inhibitors has received scant attention in the literature.
In an early study Brown and Schefer [3] modelled the effect that the addition of three additives, two physical and one chemical, had on the combustion of hydrogenoxygen-argon mixtures. They investigated how the addition of the additive changed the minimum residence time at which stable combustion occurs because "blowout parameters are specially sensitive to inhibitor type and concentration". This was done by solving the steady-state equations of their model (stability was not determined).
Babushok etal. [2] used the flow rate as the primary bifurcation parameter. Steadystate diagrams were determined for the combustion of methane in the presence and absence of physical and chemical inhibitors using detailed chemical mechanisms. The importance of this work is that by comparing the relative changes in the steadystate diagram, when an additive is added, against the known effectiveness of the additives the authors concluded that a ranking of flame suppression capability can be obtained from CSTR studies by examining conditions either near to extinction or near self-ignition. By the former it is meant the extinction limit point on a mushroom steady-state structure at high flow rates. This is a high-temperature process. The latter is the inflow temperature at which, at constant pressure, the isola singularity occurs, marking the transition from an isola steady-state diagram to a mushroom steady-state diagram. This is a low-temperature process.
A drawback of this study, as in the earlier work of Brown and Schefer [3] , is that the stability of steady-state solutions was not determined. Thus these authors may have been investigating systems where, for example, the extinction mechanism was associated with a Hopf bifurcation point rather than at a limit point.
We can apply our approach to the two indicators of additive effectiveness identified by Babushok et al. The ability of flame inhibitors to induce high-temperature extinction would be identified by unfolding the bifurcation point at which extinction occurs (which we have shown is either a limit point or a Hopf bifurcation) with the additive fraction. A ranking of flame suppression capability then follows from comparing the additive fraction required to achieve a specified reduction in the value of the bifurcation point. A ranking of the additives in terms of their ability to prevent self-ignition would be determined by unfolding the isola singularity with the additive fraction.
This discussion suggests that it would be useful to apply our methodology to a problem using more detailed chemical mechanisms, interpreting suppressing capability using the indicators identified by Babushok et al. [2] , as outlined in the preceding paragraph.
Heat-sink additives
A second class of additives that can be incorporated into the current model is heat sinks. These are chemical species that take energy out of the flame through processes such as dissociation, decomposition and vaporisation. We present a brief investigation of this type of additive. This type of additive has previously been investigated from the perspective of thermal explosions in a batch reactor [11] and within the context of the propagation of a premixed laminar flame [8, 15] . In addition to the aforementioned studies Ewing and co-workers [6] have developed a theory for heat-sink additives that predicts their ability to suppress a flame without requiring kinetic information.
To investigate a heat-sink additive, (2.4) and (2. respectively. Figure 6 shows an unfolding of the (H3) and (H4) Hopf bifurcation points in the 14 steady-state diagram of Figure 5 (b). (For clarity the unfolding of (HI) and (H2) are not shown.) Line (a) corresponds to the case Q* a = 0, in which case the additive acts purely as an inert species; this line is identical to the (H3/H4) unfolding of Figure 5 (b). Line (a) bounds the behaviour of any heat-sink additive with Q* > 0. As the endothermicity of the heat-sink reaction increases, the amount of additive required to render a mixture containing a specified fuel fraction non-flammable decreases. Additionally the critical value of the additive fraction, at which all fuel-oxygen-inert mixtures become non-flammable, decreases as the endothermicity of the heat sink reaction increases. This value is the inert fraction at the double Hopf point at which the (H3) and (H4) points are annihilated. One could investigate the performance of a heat-sink additive in more detail by examining how, for fixed endothermicity, this critical value depends upon the kinetic parameters A* a and E*. Finally, Figure 6 shows that the non-intuitive decreasing of the lower flammability limit is present when an inert additive is replaced by a heat-sink additive, becoming more pronounced as the degree of endothermicity increases.
Limitations of the present study
In this study we have assumed that the physical properties of the reaction mixture are independent of its composition. This is a convenient simplifying assumption from which it follows that all chemically inert species are equally effective in reducing flammability. In practice the efficiency of inerts is proportional to their heat capacity [7] . It is straightforward to include the heat capacity of the additive into our model. We have not done this here since, given the use of such a simple thermokinetic mechanism, we feel it is more constructive to outline our method rather than to try and draw detailed conclusions about the effectiveness of any particular additive.
The reaction rate k\
We have assumed that the inert species has no chemical effect, that is, it does not change the value of the reaction rates k\ and k 2 . A referee has pointed out that if reaction (1.1) is taken literally as written then it is "first order and probably unimolecular". Assuming that this process can be described by the Lindemann-Hinshelwood mechanism then the value of k\ would depend upon the concentration of the inert in a "well-known" way [1, Chapter 28.3] [10, .
A key assumption here is that reaction (1.1) can be "taken literally as written", so that the decay of the precursor species is governed by the Lindemann-Hinshelwood mechanism. The reaction-scheme given by (1.1) and (1.2) is based on the Sal'nikov scheme that was introduced to model the phenomena of cool-flame oscillations. It is very unlikely that this reaction represents a simple unimolecular reaction.
Assuming that the reaction is a simple unimolecular reaction then it should be noted that Figures 2 (b) , 4 (b), 5 (b) and 6 represent experiments at constant pressure. Assuming that the inert is equally effective as oxygen in creating/de-energising the energised molecule appearing in the Lindemann-Hinshelwood mechanism it follows that there is no change in the overall reaction rate (k\) as the inert replaces oxygen.
The only results in this paper where the dependence of the Lindemann-Hinshelwood reaction rate upon the concentration of inert might be important are those presented in Figure 3 (a) . However, the dependence of a unimolecular reaction rate upon the pressure of an inert species reaches a limiting asymptote at sufficiently high inert pressures. For a suitable choice of parameters in the Lindemann-Hinshelwood mechanism it can be arranged that the important pressure values in this figure are 'sufficiently high'.
Thus a strong case can be made that there is no need to take into account the effects of the inert species on reaction rate k t . 2 A referee has suggested that "the second order reaction (1.2) would probably be affected by the inert acting as a third body and increasing the order of the reaction". However, it is well known in the combustion community that the retardancy effect of physical fire retardants is due to the combined effect of diluting the reaction mixture with the change in heat capacity of the reaction mixture [5, 7, 9] . In fact it is possible to accurately calculate flammability limits of fuel/diluent mixtures without any knowledge of the flame chemistry [16] .
The reaction rate k
It should be recognised that reaction (1.2) is a global mechanism. The reaction scheme that gives this rate law is not a simple single-step bimolecular collision. It is therefore incorrect to model the effect of any additive by assuming that reaction (1.2) represents a single-step bimolecular collision. Thus we can conclude that the second-order reaction (1.2) is not affected by the inert.
Conclusion
We have shown how the change in flammability of a fuel/air mixture when an inert additive is added can be investigated by unfolding the defining bifurcation points with the fraction of additive. We have also outlined how heat-sink additives can be incorporated into our model. For the systems considered, the ultimate quenching of a stable steady flame is associated with either an isola singularity, in an adiabatic reactor, or a double Hopf bifurcation, in a diabatic reactor.
Intuitively one expects that increasing the concentration of inert in fuel-air-inert mixtures kept at constant pressure would increase the lower flammability limit whilst decreasing the upper limit flammability limit. We have shown that this scenario can occur. However, the unfolding of the (H3) Hopf bifurcation point in Figures 5 (b) and 6 shows that a non-intuitive situation can arise whereby increasing the additive concentration can render a marginally non-flammable mixture flammable.
Although we considered the simplest possible mode of action for an additive with a very simple chemical mechanism our methodology can be applied to more realistic oxidation mechanisms coupled to more detailed additive chemistry. Future work is suggested combining this approach with the results established by Babushok et al. [2] regarding the specific bifurcations/degeneracies that can be used to rank flame suppression capability at low and high temperatures.
A\
Dimensionless rate-constant for the decomposition of the precursor species. AI Dimensionless pre-exponential factor for the oxidation reaction. 
